Liquid-solid phase transition and the change of the frictional force of a system with two hard spheres in a two-dimensional rectangular box are discussed. Under controlling the pressure or the supply of energy from the wall, the solid like state, the solid-liquid temporal coexistence state, and the liquid like state are alternatively observed. The frictional force which works on particles and the mobility of the system are measured under the supply of the energy with an asymmetric external force.
in the following manner; the tangential velocities to the collision plane are preserved, while the normal component of relative velocity ∆v n changes into −∆v n . A particle hitting the left wall connected to the energy source with the velocity (v h , v v ) bounces back with the velocity (V h , V v ) (V h > 0). Here, subscripts h and v indicate, respectively, the horizontal and the vertical direction. The velocity (V h , V v ) is chosen ramdomly from the probability distributions P h (V h ) and
where T is the temperature of the energy source. (We give the Boltzmann constant as 1.) The case with U = 0 means the asymmetric force working on the system from the energy source in vertical direction. We only consider the case of Y > 4 which means these two particles can exchange their positions in horizontal direction with each other. When X(t) > 4, these spheres can exchange their positions in vertical direction. On the contrary, these particles cannot exchange their positions in vertical direction when X(t) < 4. In the previous paper, we fixed X(t) = X and defined the state with X > 4 as the liquid state and that with X < 4 as the solid state 11 . In this paper, however, because we will treat probability distributions of X(t) in the following discussions, we slightly modify definitions of these states as follows; The solid state is defined as the state in which the probability distribution of X(t) has a peak at X(t) < 4, and the liquid state is defined as the state in which the distribution has a peak at X(t) > 4.
First, we focus on the cases of U = 0 which are the same as the situation that a heat bath is connected to the left wall. only one peak at X(t) < 4 for large value of f (solid state), or X(t) > 4 for small value of f (liquid state). For middle values of f , however, each distribution has two peaks for the case of Y ≤ 5.0; One of them is at X(t) < 4 and the other is at X(t) > 4 ( Fig. 2 (a)). This indicates, in the present situation, the system passes between the liquid state and the solid state. Thus, the discontinuous transition between the solid state and the liquid state appears like in the system with many hard spheres 8 . These two peaks become blunt with the increase of Y , and the probability distribution around X(t) = 4.0 becomes almost flat for Y ∼ 5.0 ( Fig. 2 (b) ). Differently from the case of Y ≤ 5.0, each distribution has always only one peak in the case of Y > 5.0 (Fig. 2 (c) ), where this peak crosses the line X = 4 with no singularities for the middle f . The appearance and the disappearance of the discontinuous transition are considered to be strongly related to those of Van 
11 . If we fix the value f and change the value β = 1/T , we observe qualitatively the same results as the above.
Next, we discuss the cases with U > 0. In these cases, the system becomes nonequilibrium because of the asymmetric force working on particles in vertical direction along the left wall. Figure 3 is the probability distribution of the position of the right wall X(t) smoother and the top of the probability distribution of X(t) for middle U comes close to be flat ( Fig. 3(d) ). Now, we define the mobility m of the system as the average frequency of the change of sign of δy. Here, δy is the relative position between two particles in vertical direction. The solid state is realized when m = 0, and the liquid state is realized when m is large. From the asymmetric force characterized by the velocity U, the force
works on particles at the left wall in average. Here, col is the sum of individual collisions between the left wall and particles. for each U becomes large with T decreasing, although T dependencies of F ex are small for large U. Moreover, each U-F ex curve for small T has a peak which disappears for large T .
When the width of the box becomes larger, m become larger. Then, frequency of collisions between particles and the left wall connected to energy source decreases. These facts make F ex to be almost constant for large m although U increases. state. This also means that the effective frictional force R, the magnitude of which is equal to that of F ex , emerges in the system to inhibit the mobilization of the system. Hence, (Fig. 5 (b) ). However, this increase is small, and qualitative characteristics obtained in the above are considered to be independent of Y . Figure 6 is the relations between, respectively, (a)m and the friction coefficient µ = In this case, the liquid state with large m and the solid state with m = 0 are realized for, respectively, small f and large f . In cases with U = 0, large f states are equivalent to small T states. Hence, it is natural that profiles of the relations for small m in Fig. 6 (a) become similar to those of relations with small T in Fig. 5 . Because of the same reason, the probability distribution of X(t) for large f also behaves similarly to those with small T in Fig. 3 . In Fig. 6 (a) , µ of the m = 0 states is obtained which is larger than µ of the large m state. Moreover, µ remains constant independently of m for large m. In Fig. 6 (b) , the derivative dµ df is small if f is small or large. This means the frictional force is almost proportional to the normal reaction in these region. These characteristics are also similar to those of solid-on-solid frictions which satisfy Coulomb-Amontons's frictions laws 1 . In Fig. 6 (b), for middle f , friction coefficients for each T increase with the increase of m. With the decrease of T , the friction constant increases sharply. Now, we focus on the relation between the velocity of a plate on granular layers and the friction between the plate and granular layers 3, 4 . Recently, from a sensitive experiment, Nasuno et al. found that the relation between the plate velocity and the frictional force makes a hysteresis loop 3 ; The frictional force is multi-valued, which is less for decreasing velocity to 0 than for increasing velocity from 0. It is remarkable that a loop, which looks very similar to above one, can be created by combining m-R relations for large and small T (see Fig. 5 ). Thus, we try to understand qualitatively the mechanism of history dependencies of velocity-friction relations on granular layers from the m-R relations in Fig. 5 . Here, m corresponds to plate velocity and R corresponds to friction on granular layers. We assume that the granular temperature T g of the surface of granular layers plays similar roles to the temperature of energy source in our system. Here, T g is defined as the half of the mean-square of velocity fluctuation of each granular particle. Initially, the plate and each particle in granular layers do not move, where T g = 0. Soon after the plate starts slipping, T g increases but it is expected to be small at the early stage. Hence, the frictional force decreases with increasing the plate velocity on granular layers like m-R relations with small T in Fig. 5 . When plate moves faster, however, T g is expected to become large because the plate excites each particle in granular layers. Then, the frictional force is almost constant for finite plate velocity like m-R relations with middle or large T in Fig. 5 . By this friction, in the final stage, the plate stops and T g becomes 0 again. Thus, in this granular system, T g varies with time and this variance of T g iterates all along because the plate is pushed continuously. This iteration and the temperature dependency of the frictional force explain the appearance of such a hysteresis loop in granular materials.
In this paper, we discussed the liquid-solid phase transition and the occurrence of static and dynamic frictions of the system with two particles in a rectangular box. First, we discussed the liquid-solid phase transition by controlling the pressure in horizontal direction or the temperature of a heat bath. When the height of the box is small, the discontinuous liquid-solid phase transition with the appearance of the liquid-solid temporal coexistence was observed. However, the liquid-solid phase transition becomes continuous when the height of the box is higher than a critical value. Next, we discussed the relation between the mobility and the frictional force of the system in which particles are excited by an asymmetric force in the vertical direction. In the simulation, we observed the frictional forces which are quite similar to the static friction and the dynamic friction observed in solid-onsolid system. Moreover, we found that the relation between these frictional forces and the mobility strongly depends on the temperature of the heat bath. Taking these characteristics into consideration, we discussed the origin of the hysteresis loop in the granular friction. Our discovery of temperature dependency of these characters of frictions is an important result of our simulation. More discussions together with theoretical, numerical, and experimental studies are needed in the future. Also the analytical study of dynamical properties of frictional forces on granular layers is left as an important issue.
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